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It is shown that the L-fuzzy integral associated with an L-fuzzy measure tl (where 
L is a completely distributive complete lattice) when calculated for functions 
measurable with respect to a family of sets W depends only on the restriction of c[ to 
W. This result is used to obtain some semicontinuity properties of L-fuzzy 
integrals. 0 1987 Academic Press, Inc. 
Let L be a complete lattice. The following notion of measurability for 
L-valued functions has been proposed in [ 11. 
Let X be a nonempty set and W a family of subsets of X. A function f 
from X to a complete lattice L is said to be Da-measurable, if for every 
a,bEL with a<b there exists HEMS such that (J>,a)~Hc(f$bj: 
where (f>,a} = {x~X:f(x)>,a} and {f & b} = (xEX:~(X) 4 bj. 
THEOREM. Let L be a completely distributive complete luttice. Let f be 
W-measurable function from X to L. Then for every L-fuzzy measure M on X: 
where H’=X-H. 
Recall that an L-fuzzy measure on X is an isotone function from the 
power set P(X) of X into L. If a is an L-fuzzy measure on X and f: X--f L, 
then the (lower) L-fuzzy integral f f d a off with respect to a is defined as 
follows 1123: 
f-W= v (a A a{f au}). (2) 
u-L 
LEMMA. Let L be a completely distributive complete lattice. A function f 
from X to L is W-measurable if and only if for every pair a, fi of L-fuzzy 
measures on X such that a1 kil = /3I w, the equality f f da = f f d/3 holds. 
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Proof of Lemma. Suppose f is W-measurable, and u, j? are L-fuzzy 
measures on X such that for every HE W, a(H) = /l(H). We will prove that 
ffda=ffdB. S ince L is a completely distributive complete lattice, by 
[ 2, Theorem 3.11 
ffda= /j (b ” 4f s 61). (2’) 
bcL 
On the other hand, by (2) 
rf fdB= V (a A B{f>a}). otL (3) 
We have 
a A P{f >a} <b v a{f 4 b} for every ab E L. (4) 
Indeed for a < b it is clear. For a 4 6, there exists a set HE W such that 
(f>a}CHc(f 4 b}, b ecause f is W-measurable; hence p{ f 2 a} < 
/?(H)=a(H)<a{f & b}; therefore it implies (4). 
Hence by (2’), (3), and (4) we get f f d/l < f f da. Similarly one can 
prove the reverse inequality: f f dfi 2 f f da. 
Suppose, reciprocally, that for every pair a, j? of L-fuzzy measures on X 
4, =Plw implies f f da = f f d/?, (5) 
we will show that f is a W-measurable function. Let a, b E L with a 4 b. 




0 otherwise ’ 
B(A)={ 1 if 3HEW such that Ax Hx {f 2a) 0 otherwise. 
(6) 
Here 1 and 0 are the maximum and minimum elements of L, respectively. 
Since alw=filw, by (5) 
~{f(x):f(x)2a}=ffda=f/dB=V{/if(A):B(A)=l}. (7) 
But a 4 b implies A{f(x): f(x)>a} 4 b. Hence by (7) we obtain that 
V{Af(A):/?(A)= l} & b. Therefore there exists a set HEW such that 
{faa}cHc{f C 6). I 
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Proof of Theorem. Let Lx be the set of all functions from X to L. 
Define T,, T2: Lx+L by 
T,(g) = V a(H) A A gU-0 
HEW ( 
), T*(g)= /j (o(H)vVg(H’)), (8) 
HEW 
where g E Lx. By complete distributivity of L we get that for every g, h E Lx 
with h < g and for every a EL, 
Tj(h v (a A g))= Ti(h) v (a A T,(g)), (9) 
where i= 1, 2. Hence by Riesz’s theorem for L-fuzzy integrals (see 
[2, Theorem 3.2]), (9) implies that for every gE Lx, 
T,(d=j g& and T,(d=fgh (10) 
where the L-fuzzy measures pI, pLz on X are defined for every A EC?(X) by 
P,(A) = T,(xA) and ,dA I= T&A). (11) 
Here xa is the function from X to L taking value 1 on A and 0 on A’. Now, 
since alw=~Llw=~(21w, by the above lemma we obtain the required 
equalities. 1 
The above theorem enables us to obtain the following semicontinuity 
properties of fuzzy integrals. 
Let {fj}j~ Lx be a net of functions and f E Lx. We shall say that {fi}, 
uniformly lower converges to f if for every subset A of X, 
where Lim inf, = VY & rj is calculated in L. Dually, we shall say that (fj}j 
uniformly upper converges to f if and only if, for every subset A of X, 
i/f(A) 2 Lim sup, (12’) 
PROPOSITION A. Let L be a completely distributive complete lattice. A 
net { fj}j uniformly lower converges to f if and only if, for every L-fuzzy 
measure a, 
f (13) 
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Proof Let (J;}i be a net uniformly lower convergent o j By (12), for 
every A c X, we have 
a(A) A A\(A)6Liminfj (14) 
In fact a(A) A Af(A) < H(A) A Lim infj(AJ;(A)) = Lim infj(a(A) A 
A fj(A 1) G Lim inf,(V,, y(x) a( A) A A f,(A)) = Lim infj(f fi da), where the 
last equality is a consequence of (1). Hence ( 14) implies (13), because, by 
virtue of (11, VA E 9cxl (a(A) A A f(A)) =ffda. Conversely, suppose that, 
for every L-fuzzy measure a, the property (13) holds. Then, for every 
A c X, we define the L-fuzzy measure aA : 9’(X) + L by 
if BZA, 
otherwise. 
Now, using the fact that, for every ge Lx, f g da = A g(A), we obtain (12). 
Hence if for every L-fuzzy measure a the property (13) holds, then the net 
{ f;J, uniformly lower converges to f: 1 
Dually, we can show 
PROPOSITION B. Let L be a complete distributive lattice. A net (f;}i 
untformly upper converges to f tf and only if, for every L-fuzzy measure a, 
f fda>Limsup, (13’) 
Now recall that for a completely distributive complete lattice L the inter- 
val topology [3, p. 2501 is the uniform topology of a compact Hausdorff 
uniformity U, [4]. Hence by the above two propositions we have the 
following corollary, using the fact shown in [4] that a net {fi}ic Lx 
uniformly converges to f E Lx relative to U,, if and only if the net 
uniformly both lower and upper converges toJ 
COROLLARY. Let L be a completely distributive complete lattice. Then for 
every L-fuzzy measure a the L-fuzzy integral f (.) da: Lx -+ L is continuous 
with respect o the uniform convergence relative to U,. 
Remark. In the case where f is W-measurable, the above theorem and 
Propositions A and (B) require that a net {h}j uniformly lower converge 
(resp. uniformly upper converge) to f if and only if (12) (resp. (12’)) is 
satisfied for every A E W (resp. for every A E W’ = {H”: HE W } ). 1 
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